For an integral homology 3-sphere embedded asymptotically flatly in an Euclidean space, we find a natural framing extending the standard trivialization on the asymptotically flat part.
natural framing is a special choice from the infinite many.
On the other hand, this natural framing for T (M 0 ) can also provide a special one-to-one correspondence between the infinite framings of S 3 and that of M . ( Note: Here, we do not think that M and M 0 have the same tangent bundle. Conversely, we may think that the tangent bundle of M is equal to the connected sum of the tangent bundles of M 0 and S 3 . )
There are two main steps to the natural framing on T (M 0 ).
Step 1 A special map from C 2 (M) to S
2
We define C 2 (M) at first.
For any set X, ∆(X) denote the diagonal subset {(x, x) ∈ X ×X, x ∈ X} of X × X and C 2 (X) = X × X − ∆(X). Thus C 2 (M) is the configuration space of all pairs of distinct two points in M.
Fix some large number
For any r ≥ s, let B r = {x ∈ R 3 : |x| ≤ r}, N r = (R 3 − B r ) × {0} and
Let Y denote the union of the following three subsets of C 2 (M):
and f : Y −→ S 2 denote the map
For the well-defining of the map f , we should check that |π(y − x)| is a non-zero value. When (x, y) is in Y 0 , |π(y − x)| = |y − x|, it is non-zero.
When (x, y) is in Y 1 , (x, y) is in N r+s × M r for some r ≥ s; thus π(x) is outside of B r+s and π(y) is in B r , and hence π(y − x) = π(y) − π(x), it has also a non-zero norm. It is similar for the case that (x, y) is in Y 2 .
The following proposition describes some homology properties for the space Y and the map f .
is isomorphic, for all integer i ≥ 0.
In the proof of the proposition, we strongly use the assumption that
Remark: All the homologies in this article are with integral coefficients.
By Proposition 1, the continuous map f : Y −→ S 2 uniquely extends to a continuous map f : C 2 (M) −→ S 2 up to homotopy relative to the subspace Y . ( That is, if both f 1 and f 2 are the extensions of f to the whole space C 2 (M), then there is a homotopy F :
Usually, the homotopy class of a map from C 2 (M) to S 2 can not give any framing on T (M 0 ). But the extension of f does give a framing on T (M 0 ) as shown in Step 2.
Step 2 The framing determined by the map f on C 2 (M)
The normal 
is, a fibrewise orthogonal map? ( An orthogonal map is exactly a framing for the vector bundle. ) There is also an interesting question that can h 0 be homotopic to an orthogonal map; if such an orthogonal map exists, is it unique up to homotopy? We shall answer the questions partially. Choose a framing for S(T M 0 ) and we may think h 0 as a map from M 0 ×S 2 to S 2 . Let y 0 denote the point in M 0 representing the set N s . Then the restriction of h 0 to y 0 × S 2 is the identity map of S 2 . Thus the restriction of
, is also a homotopy equivalence; and hence,
, the space of all homotopy equivalences of S 2 to itself. Choose a base point z 0 in S 2 , and consider the subspace F (3) of G (3) consisting of all the homotopy equivalences which fix the base point z 0 . Then F (3) is the fibre of the fibration G(3) over S 2 , it is the key fact for the homotopic computations.
For any two spaces X 1 and X 2 with base points x 1 and x 2 , respectively, [X 1 , X 2 ] denotes the set of homotopy classes of continuous maps from X 1 to X 2 and sending x 1 to x 2 . In the following, M 0 is with base point y 0 representing the set N s ; SO(3), G(3) and F (3) are with the base point the identity of S 2 . We shall consider only the maps sending the base point to base point and consider only the homotopies which keep the base point fixed.
M 0 has the same homology as S 3 . Usually, we can not expect they also have the same homotopy behavior. But we still have the following proposition.
] are all groups, and the group homomorphisms induced by φ,
are all isomorphisms of groups.
There are further relations between these homotopy classes.
Proposition 3 Let p : SO(3) −→ G(3) and q : F (3) −→ G(3) denote the inclusions. Then, for any integral homology 3-sphere M 0 , the homomorphism
is an isomorphism.
Especially, when M 0 = S 3 , we have
Furthermore, the group isomorphism
induces a group homomorphism
For a continuous map g :
, for x ∈ M 0 and y ∈ S 2 and let
Theorem 4 A continuous map g :
Now, h 0 still denotes the map from S(T M 0 ) to S 2 given by the map
is a fibre map and fibrewise orthogonal. Then h 0 • ψ −1 is a map from M 0 ×S 2 to S 2 and the value Q(h 0 • ψ −1 ) is independent of the choice of the framing
is an invariant of the integral homology 3-sphere M , it is the obstruction for h 0 to be homotopic to an orthogonal map. We hope that this is not really an obstruction.
On the other hand, the group isomorphism
For the map h 0 and the corresponding element
choose an orthogonal map g 0 : M 0 × S 2 −→ S 2 such that the associated map g 0 is in the homotopy class P (h 0 • ψ −1 ). Then we get an orthogonal map
which represents a homotopy class of framings determined by h 0 , also by the map f :
This framing can also be characterized by the following theorem.
Theorem 6 There exists a framing ψ 0 :
Proofs
Outline of Proof of Proposition 1 N s is a subset of R 3 × {0}. In N s , we choose a subspace S 3 which is a deformation retract of N s and a point x 1 in the bounded component of R 3 ×{0}−S 3 . Let S = {x 1 }×S 3 , it is a subspace of Y . We show that the three maps, the inclusion of S in Y , the restriction of f to S, and the restriction of j to S, all induce isomorphisms of homology groups of the corresponding spaces. That is,
, and (j| S ) * :
Proof of Proposition 1
First we compute the homology of Y 0 , Y 1 , Y 2 , separately.
Now, we use the long exact sequence of the pair (N s ×N s , Y 0 ) to determine H * (Y 0 ).
( Z denotes the group of integers. )
To find the generators of H 4 and H 2 of Y 0 , we choose three 2-spheres 
Lemma 7
We use the lemma to prove Proposition 1, and prove the lemma later.
There are some relations between these classes in H * (Y 0 ): (ii) The cycle S 3 × S 1 is contained in Y 1 and is killed in Y 1 .
(iii) The cycle x 3 × S 1 is contained in Y 1 and is killed in Y 1 .
(iv) The cycle S 1 × x 3 is contained in Y 2 and is killed in Y 2 .
Therefore, H 4 (Y ) = {0} and in H 2 (Y ), we have [
This proves that H * (Y ) ≈ H * (S 2 ). Actually, we know more than that: the inclusion of the space {x 1 } × S 3 in Y induces isomorphisms of the homology groups. It is easy to see that the map f , restricted to {x 1 } × S 3 , is an homotopy equivalence from {x 1 }×S 3 to S 2 . This proves the second statement that f * is an isomorphism.
To prove the third statement that j * is an isomorphism, it is also enough to show that the restriction of j to {x 1 } × S 3 induces isomorphisms for the homology groups. Similar to the computation of the homology of C 2 (N s ), we consider the long exact sequence of pair (M × M, C 2 (M))
We have
, by the Thom Isomorphism. Thus C 2 (M) has the same homology as 2-sphere.
And it is easy to see that the inclusion of
) induces isomorphisms of homology groups, and hence, the inclusion of {x 1 } × (M − x 1 ) in C 2 (M) also induces isomorphisms of homology groups. The cycle {x 1 } ×S 3 is a generator of H 2 ({x 1 } ×(M −x 1 )), and hence also a generator of H 2 (C 2 (M)). This proves the third statement that j * is an isomorphism.
(i) of Lemma 7 is obvious. Now, we are going to prove (ii) in Lemma 7.
Consider the following commutative diagram
The maps τ 1 and η 1 are isomorphisms from Kunneth formula. Other homomorphisms are induced by the corresponding inclusion maps. τ 2 is an isomorphism by the result of Lefschetz Duality in the 5-dimensional manifold S 2 × N s ; τ 3 is an isomorphism by the result of Thom Isomorphism Theorem. Precisely, consider the following commutative diagram
where σ i , i = 1, 2, are the isomorphisms of Lefschetz Duality, τ 4 is the homomorphism induced by the inclusion.
Because τ 4 is an isomorphism, τ 2 is also an isomorphism. The proof of isomorphism of τ 3 is in some sense analogous to that for τ 2 , we omit it. ¿From the long exact sequence of the pair (N s , N s − S 2 ), it is easy to see
is the generator of (id⊗∂ * )(H 2 (S 2 )⊗H 3 (N s , N s −S 2 )). By the commutativity of the above diagram, [
). This proves Lemma 7 and completes the long proof of Proposition 1.
Proof of Proposition 2
We need to show the isomorphisms between [M 0 , X] and [S 3 , X], for X = SO(3), G(3), F (3) and S 2 .
For the case of SO (3), we consider the classifying space BSO(3) of the
where SM 0 is the suspension of M 0 . On the other hand, because SM 0 is simply connected and the map S(φ) : SM 0 −→ SS 3 (= S 4 ) induces isomorphisms of homology groups, S(φ) is a homotopy equivalence. Thus
is isomorphic, and hence,
For the cases of G(3) and F (3), we may also consider the corresponding classifying spaces, by the result of Fuchs [2] ; and the proof is completely similar. The group property of the associated homotopy classes is a result of Dold and Lashof [1] ; for the convenience of interested reader, we give a proof in the appendix.
For the case of S 2 , it is enough to note that
, which implies the isomorphism we need.
Proof of Proposition 3
By Proposition 2, it is enough to prove the result for the case that M 0 = S 3 .
Consider the commutative diagram of fibrations over S
and the associated commutative diagram of exact sequences of homotopy groups
, and hence
. This implies that α is an epimorphism, q * is a monomorphism, and p * supplies the necessary homomorphism for splitting. Therefore,
, for all i ≥ 3 y 1 = f (x 1 ) and y 1 : S −→ H denote the constant map sending the points of S to y 1 . Then β is a homotopy between f · g and y 1 · g on S. H is pathconnected, y 1 · g is homotopic to e · g = g. Thus g is homotopic to f · g on S.
On the other hand, the restriction of D to S × I provides a homotopy between the restrictions of f ·g and e. This proves that g| S is null-homotopic.
Therefore, we can extend g| S to the part ∆, say, g ′ : ∆ −→ H, and we can also extend D| S×I to the whole boundary of ∆ × I as follows: We may think the map g 1 as a map on ∆ × {1} and extend it trivially to the whole boundary ∂(∆ × I), that is, sending all points undefined to e. 
